We extend several measurement-based definitions of effective "cat-size" to coherent state superpositions with branches composed of either single coherent states or tensor products of coherent states. These effective cat-size measures depend on determining the maximal quantum distinguishability of certain states associated with the superposition state: e.g., in one measure, the maximal distinguishability of the branches of the superposition is considered as in quantum binary decision theory; in another measure, the maximal distinguishability of the initial superposition and its image after a one-parameter evolution generated by a local Hermitian operator is of interest. The cat-size scaling with the number of modes and mode intensity (i.e. photon number) is compared to the scaling derived directly from the Wigner function of the superposition and to that estimated experimentally from decoherence. We also apply earlier comparison-based methods for determining macroscopic superposition size that require a reference GHZ state. The case of a hierarchical Schrödinger cat state with branches composed of smaller superpositions is also analyzed from a measurement-based perspective.
I. INTRODUCTION
The notion of a Schrödinger cat state arises from extrapolating the quantum superposition principle for microscopic (e.g., small de Broglie wavelength) systems to classically distinguishable macroscopic states. In physical systems comprised of a large (N 1) but finite number of identical, distinguishable degrees of freedom, i.e. the total Hilbert space of the system H sys = H ⊗N is the N -th tensor product of the single-particle Hilbert space H, the |GHZ N state comprised of orthogonal single particle states |φ 1 , |φ 2 ∈ H are the prototypical examples of cat states:
Given a measure of superposition size with definite value (say, N ) for |GHZ N , it is natural to determine the cat sizes of generalized |GHZ N ( ) states, macroscopic superpositions of the same form as Eq.(1) except with | φ 1 |φ 2 | 2 = 1− 2 , < 1, and appropriate normalization. Dür, Simon, and Cirac 1 have shown that an effective cat size N 2 can be attributed to these states by comparing the actions of three maps on the |GHZ N ( ) state to their actions on an ideal |GHZ N state: 1) decoherence to the macroscopic mixed state, 2) distillation to a |GHZ n(N ) state as in Eq.(1) but with n(N ) < N , and 3) particle loss according to binomial statistics. The same effective cat size scaling has been derived by other authors by calculating the maximal quantum distinguishability of the branches of the superposition, 2 by calculating the maximal quantum Fisher information 3 per mode of the superposition, and by considering unitary evolution (generated by an appropriately chosen operator) of the superposition to an orthogonal state. 4 In each of these cases the calculation of superposition size depends on locating a positive, self-adjoint operator on the tensor product space which is optimal for the given cat-size definition and so we refer to these cat sizes as being defined in a "measurement-based" way. Yet another measurementbased measure has been introduced which involves associating to each composition of d single-particle operators, a probability p(d) that this composition applied to one branch of a cat state produces the other branch. 5 These cat size measures contrast with the "comparison-based" sizes of Ref. [3] , which require a reference superposition state.
In this paper, we show that the methods mentioned above can be extended to describe cat states with branches composed of photonic coherent states or superpositions of tensor products thereof (the latter are usually called entangled coherent states) and that a subset of the resulting cat sizes are consistent with empirical notions of cat size based on the quasiprobability distributions and decoherence of these states. 6, 7 The semiclassical macroscopic states which are superposed to create these cats are parameterized by the amplitudes and phases of one or more classical electromagnetic modes; the Hilbert space of each mode is that of a quantum harmonic oscillator 2 (C). 8 These intriguing superpositions have been generated experimentally using nonlinear optical Kerr media 9 or nonresonant coupling between Rydberg atoms and a high-Q optical cavity, 10 and their properties, including their quasi-probability distributions and photon number distributions, have been studied theoretically. [11] [12] [13] Although notions of intrinsic size of coherent state cats based directly on static properties of their quasiprobability distributions in phase space or their evolution under decoherence have been considered, they have not been assessed in terms of the existing comparison-based or measurement-based approaches. In order to apply to coherent state cats, these comparisonbased and measurement-based approaches must take into account subtle properties of coherent states, including indefinite particle (photon) number, the lack of natural subsystems of particles, and nonorthogonality of the coherent state basis of 2 (C). Previous authors have suggested that any notion of superposition macroscopicity (cat size) must be predicated on a choice of quantum property exhibited by the su-perposition which either is not exhibited by its branches individually 3, 4 or which is otherwise important for the state to be considered macroscopic. 5 The quantum property is not necessarily unique; so one may form cat-size definitions of greater (weaker) strength by combining (separating) the conditions. For example, Leggett has combined the requirements of "disconnectivity" of a superposition state with existence of a self-adjoint operator exhibiting an extensive difference in expectation value in the branches of the superposition to form his notion of macroscopic distinctness.
14 The measurement-based measures of cat size discussed in this paper are each predicated on a quantum property of the superposition. On the other hand, some quantum properties lead to recognition of superpositions which are clearly the most "catlike" and in these cases, comparison-based cat size measures lead to reasonable results for a given superposition. Finally, in a third class of superposition size measures, the quantum properties are intrinsic to the superposition state, e.g., a geometric property of a quasiprobability distribution associated to the state which is determined empirically or by an interference-based measure.
II. SUPERPOSITION SIZE MEASURES OF PHOTONIC COHERENT STATES
The Schrödinger cat state we will be concerned with is an N -mode entangled coherent state:
12,15 )
This state is an analog in the Hilbert space 2 (C) ⊗N of the generalized spin states |GHZ N ( ) ∈ (C 2 ) ⊗N considered above, with = 1 − exp(−2|α|
2 ). The field amplitude α can be taken on the real line for convenience. The semiclassical branches of this cat state are composed of N separate EM field cavities with amplitude ±α. It will be useful to note that |Ω with N = 2 M for M a natural number can be generated by application of a sequence of beamsplitters and phase-shifters from, e.g., a state |Ω composed of a product of a single-mode superposition of coherent states and auxiliary vacuum modes:
In fact, this equation is true for any positive integer N (see Appendix A). This identity allows one to map the problem of determining cat size of a single-mode (N = 1) coherent state superposition onto the same problem for entangled coherent states (and vice versa) if one admits the following axiom: for any cat size measure, the cat size is invariant under appending auxiliary vacuum modes to the state and mixing these modes with the state. This axiom is important because cat size is clearly not invariant under arbitrary unitary operations in the product space (which can create a macroscopic superposition from, e.g. a product state), so this axiom identifies a set of unitaries under which the cat size is invariant.
A. Measurement-based measures of cat size
Branch distinguishability measures
The motivation behind the measurement-based superposition size measure of Ref. [2] is the extension to general quantum measurements of binary decision theory.
17 Let |A , |B ∈ (C 2 ) ⊗N with |A = |B and let ρ A , ρ B be their respective pure states.
Definition 1: Given 0 < δ < 1/2, the cat size C δ (|ψ ) of |ψ ∝ |A + |B is
where
The n-reduced density matrix (n-RDM) ρ
A is defined by tr N −n |A A| and · 1 is the trace norm. The left side of the bracketed inequality in Eq. (5) is recognizable as the maximal success probability (over all n-mode positive operator-valued measurements) for distinguishing the n-RDMs ρ
17,18 This measure is simplest to evaluate when the individual modes are distinguishable, i.e. every subsystem is individually addressable. A notable feature of using branch distinguishability in a measure of cat size is that the measurement which allows the binary decision success probability to be written as the trace norm of the difference between the (generally nonorthogonal) branches also effectively collapses the superposition defining the cat with high probability. This is demonstrated quantitatively for the even cat state |ψ + ∝ |α + |−α in Appendix B.
We now apply the measurement-based measure above to the N -mode entangled coherent state of Eq.(2), which is in 2 (C) ⊗N . To evaluate C δ (|Ω ), we write ρ ±α ≡ | ± α ±α| and note that tr N −n (ρ
⊗n , which can be viewed as a product of measurements in the computational basis {|α , |−α } when coherent states are used as qubits. 19 We do not have to change the Hilbert space from (C 2 ) ⊗N for which C δ is defined to 2 (C) ⊗N because the relevant trace norm can be computed in an orthonormal basis {|e 1 = |α , |e 2 ∝ |−α −exp(−2|α|
2 )|α } for a 2-D subspace of 2 (C) which contains e.g. |α , |−α and superpositions thereof, in particular the eigenvectors of ρ α − ρ −α . The resulting precision-dependent effective size and cat size are:
with the former quantity interpreted as the minimal number of modes which must be measured in order to successfully distinguish the branches of |Ω with probability 1 − δ. The definition of the cat size through the partial trace over modes in the branches of the superposition requires 1 ≤ n eff (δ, |Ω ) ≤ N to be satisfied. In turn, in order for this inequality to hold, it is required that the pre-
, with the infimum (supremum) of the n eff inequality enforced by the supremum (infimum) of the δ-interval. It is important to address the δ-dependence of this cat size measure, due the fact that there are examples of superpositions for which the cat size above has been shown to give ambiguous results depending on the value of δ. Eq.(3) allows for a reinterpretation of the effective size in Eq. (5), which was originally defined for finite dimensional systems and required an integer effective size. In the present reformulation, n eff (δ, |Ω ) is defined for arbitrarily small δ and can be any real number. It is clear that given δ, the entangled coherent state |Ω in Eq. (3) with N = n eff (δ, |Ω ) (integer) modes can be obtained from mixing a single-mode superposition ∝ | n eff (δ, |Ω )α +|− n eff (δ, |Ω )α with n eff (δ, |Ω )−1 vacuum modes. The maximal probability over all single mode measurements for distinguishing the branches of the latter single-mode superposition is 1 − δ, the same as the probability for distinguishing the branches of the N -mode entangled coherent state with N − n eff (δ, |Ω ) modes traced over. Hence, the following revised definition for cat size allows one to consider both an arbitrary success parameter and a noninteger effective size:
Definition1: Given 0 < δ < 1/2, the cat sizeC δ (|Ω ) of |Ω ∝ |α
wherẽ
Notably,C δ (|Ω ) depends on both the number of modes N involved in the entangled coherent state and also on the intensity |α| 2 of the single-mode field in each branch (i.e. the expected photon number). We will see that an effective superposition size which depends solely on either the number of modes in the superposition or on the number of particles will fail to apply in general to superpositions with some macroscopic character.
An important case of the measurement-based cat size of Definitions 1,1 occurs for a single-mode superposition of coherent states (N = 1); this case is the most common setting for studies of photonic cat states to date. We see from Eq.(6) that C δ (|Ω(N = 1) ) ∼ |α| 2 , as expected from decoherence studies (see below). However, it should be noted that the same scaling can be obtained when one restricts the allowed measurements used to distinguish the branches to "realistic" measurements, e.g., projective measurements in a classical or quasi-classical pointer state basis. 20 Instead of the trace distance, the L 1 distance between the classical probability distributions p(ξ|ρ A(B) ) resulting from the chosen POVM {E(ξ)} ξ∈R can then be used as the distinguishability metric.
In Definitions 1 and1, we have neglected the presence of unbounded operators on 2 (C) ⊗N . Defining the matrix elements of the n−RDM using n-element multi-indices i, j:
one could apply the effective size measure of Eq. (5), based on the condition that an n-photon measurement was made on the system instead of the condition of n modes having been traced over. However, this definition is not useful for our purposes (i.e. to determine an effective size for |Ω ), because it is clear that the n-RDMs of the two branches of |Ω have the same matrix elements for all n. Physically this is due to the fact that every n-photon measurement outcome occurs with the same probability in a product of coherent states as in a product of the same coherent states that have been π-rotated. It is also clear that any n-photon measurement leaves |Ω Ω| invariant; there is no cat collapse from these measurements. We will return to the problem of using unbounded operators in optimal measurements for determining effective superposition size in our discussion of the relative quantum Fisher information below. This will be an essential component of showing that superpositions of the form |Ω are "larger" than the largest cat-states of (C 2 ) ⊗N spin systems, |GHZ N .
More evidence for O(N |α|
2 ) scaling of the cat size of |Ω based on branch distinguishability is provided by the two-state superposition size measure of Marquardt, Abel, and von Delft. 5 Let |ψ ∝ |A + |B ∈ K ⊗N (with K a single-mode Hilbert space) be a such a state. Define the 1-D Hilbert space H 0 := C|A ⊂ K ⊗N and define the Hilbert space H n recursively by:
where P Hi is the projection onto the i-th Hilbert space and "∨" is the join of the lattice of these projections. Defining an orthonormal basis for H k by {|e
} (where
so that the probability p(d) of obtaining the outcome of a projec-
We define by s the expected value of the Hilbert space label of the outcome of the countable POVM {P H } ∞ =0 (applied to |B ). The Hilbert space containing the expected result of this projective measurement can be reached from |A by application of s single-photon operations of the form a † j a i . Although the s calculated in the process of obtaining |B from |A can, in general, be different from the analogous quantity calculated in the opposite direction, 3,5 we consider the |A → |B procedure carried out on |Ψ (see next paragraph) to be instructive in demonstrating how this method works in infinite-dimensions.
Let |Ψ ∝ |0
⊗N + |2α ⊗N and append an auxiliary mode (with states denoted by |· (0) ) containing a coherent state of amplitude β to the system so that the cat state becomes
The auxiliary mode is necessary so that not all single-photon operators a † j a i vanish on the vacuum branch, |0
⊗N , of the superposition. Set the first Hilbert space H 0 = C|β (0) |0 ⊗N . Following the procedure outlined above, one finds for the n-th Hilbert space:
Using the expansion of products of coherent states in the Fock basis of 2 (C) ⊗N , a projective measurement of |β (0) |2α ⊗N with outcome contained in H d is found to occur with probability:
which is a Poisson distribution with parameter s = N |α| 2 . To show that this s value can be carried over from |Ψ to |Ω , we must remove the constraint of generating H n from H n−1 by using photon number-conserving operations.
⊗N has the same amplitudes on H n as D(
has on DH n . Explicitly, we now have a modification of Eq.(10) to:
In Eq. (13) It is clear that the recursive procedure defined in Eq.(10) and Eq.(13) depends on both the number of modes, N , and the number of photons in the system. Due to the simple structure of the H i , we can interpret the parameter s as the expected number of single photons required to transfer from the auxiliary coherent state and add to |0 ⊗N to get a large overlap with |2α ⊗N . In Ref. [5] , |A and |B were assumed to have the same number of particles. Here we see that in passing to the infinite-dimensional Hilbert space associated with optical cavities, this measure can be useful in spite of having indefinite photon number in the cat state; in fact, we exploited an auxiliary coherent cavity as a source of an arbitrary number of single photons. The absence of a particle number superselection rule for massless bosons enables this procedure.
Relative quantum Fisher information measure
For an equal superposition of two states, the relative quantum Fisher information provides a measurementbased measure of effective cat size in spin systems which accounts for the number of modes involved in the superposition. 3 The generic system of interest in Ref. [3] consisted of a finite number of spin-1/2 particles, so there was no difference between considering particle number and mode number. This effective superposition size is defined for a superposition |ψ of orthogonal states |ψ 0 , |ψ 1 ∈ (C 2 ) ⊗N by: Definition 2: The relative quantum Fisher information effective size, N rF eff , for |ψ = 1/
= 1} (bounded, positive, local operators), and F(ρ, A) is the quantum Fisher information 21 for an arbitrary state ρ of (C 2 ) ⊗N evolved in time by A.
We will consider all A to be time-independent, although this is not the most general situation. It is useful to note that for a pure state ρ, the quantum Fisher information for ρ(t) = exp(−iAt)ρ exp(iAt) is: (2) can then be shown to be macroscopic according to the relative quantum Fisher information measure by using these lower bounds. In particular, all that is required to derive a lower bound implying macroscopicity is to find a local operator A ∈ A which gives a variance of O(N 2 ) in |Ω . This follows from the fact that for a product state (e.g., each branch of |Ω ), optimizing over local, positive, bounded operators results in a maximal quantum Fisher information in O(N ), 22 so that the denominator of Eq. (14) is O(1). An example of an operator giving the required scaling of variance in |Ω is
with
for large |α|, i.e. neglecting the overlap of diametrically opposed coherent states, is analogous to σ z for a twolevel systems while |Ω in this situation is analogous to an eigenvector of σ 
the right hand side of which is in O(N ). Hence |Ω can be considered macroscopic by this measure. Note that the exact value of N rF eff (|Ω ) could be larger since we have not carried out the optimization over A ∈ A explicitly.
In the above calculation, we have neglected the creation and annihilation operators a † i , a i on 2 (C) ⊗N (which are unbounded) and hence also the product of Heisenberg algebras spanned by {a † i , a i , I i }. Of particular interest in this algebra are the self-adjoint quadrature operators x (φ) j := (a j exp −iφ + a † j exp iφ)/ √ 2. Our neglect of these unbounded, local, self-adjoint operators in the set A of time-evolution generators used to calculate the relative quantum Fisher information effective size is apparently at fault for the lack of any polynomial scaling of the relative quantum Fisher information superposition size of |Ω with the photon number. It is clear from Eq. (14) in Definition 2 that changing the bounds of the local operators in A to some finite value greater than 1 does not change the relative quantum Fisher information effective size. However, if the (unbounded) quadrature operators are included in the optimization, the effective size can be larger. For instance, the variance of i x 
The N |α| 2 scaling is important to consider because log N (|α| 2 ) is potentially much greater than 1. In addition, one could have chosen to append the local photon number operators i a † i a i to the expanded set A above; including it results in the same O(N |α| 2 ) scaling of effective cat size. We have not optimized the variances in the numerator and denominator over every possible sum of local operators acting on 2 (C) ⊗N ; i.e., we have not considered all A = i u (i) where u (i) is in the universal enveloping algebra of the i-th mode. According to the analysis above and the definition of quantum Fisher information, we can say only that there are certain local evolutions for this system for which the square of the Bures velocity 21 (ds Bures /dt) 2 along the local evolution is greater in the superposition |Ω than its branches by a factor of |α| 2 .
A similar analysis of relative quantum Fisher information can be used to examine the effective size scaling of a "hierarchical cat state," which is an 2 (C) ⊗N analog of the |GHZ N spin state. However, this state exhibits richer internal structure than |GHZ N , as each of its branches is composed of smaller Schrödinger "kit-tens":
Restricting the maximization over local, self-adjoint operators to bounded operators yields an effective size of N for |HCS N (α) for all α = 0, just as for any |GHZ N state. This value is also predicted by all measurementbased measures considered in this paper and also by the comparison-based measures of Dür, Simon, and Cirac to be discussed in Section II B. Physically, |HCS(α) is a superposition of parity eigenstates, with one branch a product state of "even kittens" or a product state of "odd kittens". When considered in light of the O(N |α| 2 ) scaling of N rF eff (|Ω ), one expects from the analyses of Ref. [1] of that the hierarchical cat state should exhibit an effective superposition size at least as large as |Ω because its branches are orthogonal and it is in the same Hilbert space as |Ω . However, proceeding with our earlier approach of introducing the local quadrature operators or even the local photon number operators into the maximization of quantum Fisher information gives only a smaller lower bound: N rF eff (|HCS(α) ) ≥ 1. From additionally considering local operators in A of the form
, it is found that N rF eff (|HCS(α) ) is at least O(N ), but no dependence on |α| is observed. This result is due to fact that the branches have quantum Fisher information scaling as the same power of |α| as the superpositon itself when these operators are included in the maximization, so the powers cancel in Eq. (14) . Although we do not yet have a precise estimate of the relative quantum Fisher information effective size for |HCS N (α) , we find no reason to believe that it should scale as O(N |α| k ) with k > 0. The consequence of O(N ) scaling of |HCS N is that in an infinite-dimensional Hilbert space, there are superpositions (e.g., |Ω ) which have larger superposition size than the continuous variable analogs of |GHZ N states. Because |Ω is an analog of |GHZ N ( ) in spin systems, we obtain the principal result of this paper: in 2 (C) there are superpositions with nonorthogonal branches which have larger effective sizes than superpositions with orthogonal branches.
The lack of maximally "cat-like" characteristics of |HCS N (α) is also demonstrated by the Wigner function W : C × C → R for the state |HCS 2 (α) , which exhibits a peak at the origin of C×C in addition to smaller peaks at (±α, ±α) (see Figure 1 and Appendix C for the explicit function). Calculation of the general N -mode Wigner function shows that the peak at the origin persists for N > 2. In contrast, the N -mode Wigner function of |Ω exhibits only two peaks on C N separated by 2 √ N |α| (see Section II C). It should also be noted that |HCS N (α) can be written (in the same basis) as a superposition with many branches, so it is not a two-branch superposition in the original spirit of Schrödinger's cat.
FIG. 1.
Graphs of the Wigner function W HCS 2 (α) (γ1, γ2) ((γ1, γ2) ∈ C × C) of |HCS2(α) (with |α| = 3) for a) γ2 = 0, b) γ2 = 3, c) γ2 = −3. See Eq.(C1) in Appendix C for the explicit form of this function on C × C.
B. Comparison-based measures of cat size
In contrast to a measurement-based definition of superposition size, a comparison-based definition requires a reference state which has a known size under that definition. For entangled qubit systems, all superposition size measures discussed in this work concur on a maximal superposition size of N , which occurs for the |GHZ N state. We can extend previous comparison-based superposition size measures developed for spin-1/2 systems 1 to the state in Eq.(2) by restricting to a 2D subspace of the single-mode Hilbert space. To apply the distillation protocol implemented in Ref. [1] , one identifies an operator E 1 = k[|e 1 e 2 | + |e 2 ϕ − |] (acting on the same C 2 subspace of 2 (C) as introduced in Section II A 1)in which ϕ − | − α = 0 and k is chosen such that the com-
2 E 2 } is rank one. With k chosen appropriately, E 2 will have the form 1 |χ |χ χ|. Note that if E 1 is applied to each mode of |Ω , a GHZ state ∝ |e 1 ⊗N + |e 2 ⊗N will result whereas E 2 applied to each mode results in a product state. The goal is to find the expected value of n(N ) when applying POVM above to each mode, transforming |Ω to (1/ √ 2)|χ ⊗N −n(N ) ⊗ |e 1 ⊗n(N ) + |e 2 ⊗n(N ) . The only subtlety in this computation is that the first successful E 1 outcome changes the normalization of the post-measurement state; after the first E 1 outcome, the measurements are binomially distributed: the probability of an E 1 outcome being 1 − exp(−2|α|
2 ) (exp(−2|α| 2 ) for an E 2 outcome). The probability of the first E 1 outcome occurring at the m-th measurement is
The probability of the final state having n(N ) = n is
1+e −2N |α| 2 . The distillation protocol applied to entangled coherent states is not very useful; an entangled coherent state has an integer number of modes and the above result indicates the unsurprising fact that for |α| even moderately large, the N -mode |GHZ N state
can be distilled with very low error from |Ω due to the near orthogonality of the branches. According to this comparison-based size, the state in Eq. (1) is equivalent to the same state except with the single particle states replaced by single-mode states |α and |e 2 -the structure of the modes has not been considered. In addition, it is not clear how the distillation process affects the cat size. What is perhaps interesting about this procedure is that the state in Eq. (21) can be transformed into the "hierarchical" cat state of Eq. (18) by local unitaries. Hence Eq.(3) provides a simple method for using beamsplitters, phase shifters, and local measurements to generate these states from mixing of a single-mode coherent state superposition with vacuum. Another comparison-based measure of cat size for the entangled coherent state comes from comparing the magnitude of off-diagonal elements of the n-RDM of standard GHZ N states to those of the n-RDM of entangled coherent states after probabilistic loss of N − n modes.
1 Consider the decision between tracing over a mode of Eq. (1) with (small) probability λ and leaving it alone with probability 1 − λ. If this decision is made for each of the N modes, the expected value of the off-diagonal elements of the density matrix is
2 e −N λ because if a decision is made to trace over any mode, the resulting state is mixed. In same procedure for |Ω one expects to trace over N λ modes. Taking into account the normalization factor of |Ω , the expected off-diagonal amplitude is:
Up to a negligible logarithmic term, the expected offdiagonal amplitude of the entangled coherent state after probabilistic mode loss is the same as that of a GHZ M state with M = 2N |α| 2 , under the assumption that |α| 2 ∈ Z + . This result for probabilistic mode loss can be compared to the change in the amplitude of the fringes of the N -mode Wigner function of |Ω . Integrating over the phase space of n < N modes results in a new Wigner function on C N −n with the oscillating (i.e., nonGaussian) term suppressed by exp(−n|α| 2 /2). One sees that the partial trace over a mode corresponds to tracing out all of the constituent particles and excitations in the mode.
The difference between considering particles versus modes in defining a cat size is precisely analogous to the difference between definitions of 1-RDMs in, e.g. the study of Bose-Einstein condensation 23 versus the definition employed in disucssions of qubit manipulations. 24 In the former, one takes (ρ (1) Ω ) ij = Ω|a † i a j |Ω , with N 2 matrix elements defined by modes. In the latter, one defines (ρ (1) Ω ) ij = (tr 2,...,N |Ω Ω|) ij with the matrix elements taken with respect to Fock states. The trace of the 1-RDM defined through particle creation/annihilation for |Ω is N |α| 2 tanh(N |α| 2 ); this value is equal to the expected value of the sum of number operators for each mode, while the trace of the mode-defined 1-RDM is unity. More drastic consequences of this distinction are encountered in the formulations of entanglement measures for indistinguishable particles, 25 for which the total Hilbert space is the symmetrized or antisymmetrized tensor product of mode Hilbert spaces. For the branch distinguishability measures considered in this paper, the importance of this distinction is restricted to bosonic systems; for fermions, the Pauli exclusion principle results in the equivalence of effective superposition sizes based on mode number and particle number for an appropriate definition of the modes. This fact has been used to derive an upper bound for the effective cat size (according to Definition 1) of superpositions of clockwise/anti-clockwise circulation states of superconducting flux qubits in terms of the sum of electron number differences for each mode comprising the circulation states:
26

C. Empirical measures of cat size
For a single cavity, empirical definitions (i.e., requiring neither optimization over measurements nor comparisons to other states) of effective superposition size can be obtained from the Wigner function of the state itself.
For example, the phase-space interference fringes of the Wigner function of the even superposition ∝ |α + |−α , α ∈ R + are parallel to the imaginary axis and have wavelength π/2α. The distance between Wigner function peaks is 2α. The effective size of Lee and Jeong 6 takes both of these factors into account and was written with general multiple-mode quantum states in mind. Applied to the many-mode Wigner function for the state in Eq.(2), the effective size consists of N identical sums. The Wigner function N -mode entangled coherent state (an entire function from C N → R) has peaks separated by 2 √ N α. The square of this distance agrees with the scaling of our result in Eq. (6) . Other intrinsic notions of cat size in terms of the decoherence time 1/ n 10,27 of the cavity state have been introduced based on experimental results and simple models of nonunitary cavity state evolution. These notions are less well-defined for nonlocal superpositions, i.e. superpositions in the Hilbert space of many cavity modes. For instance, a description of decoherence of the hierarchical cat state Eq.(18) must include the intermode decoherence time (the decoherence time of the device coupling the modes) and all of the intramode (cavity) decoherence times.
III. CONCLUSION
We have extended effective size measures of quantum superpositions of two classically distinguishable states (i.e. Schrödinger cat states) from the spin state setting of (C 2 ) ⊗N to the most widely studied cat states of 2 (C) ⊗N , which are the entangled coherent states (Eq.(2)). The measures fall into three classes: 1) those relating to a distinguishability problem requiring some optimization over positive operators or selection of an appropriate effect operators (the measurement-based measures), 2) those requiring comparison to a superposition state with fixed size (comparison-based measures), and 3) those defined from the time-evolution of geometric properties of the many-mode quasiprobability distribution (empirical or intrinsic measures). The latter class of measures is most amenable to current experimental techniques because the optimal measurements defining the effective size in the measurement-based class of measures can be impractical or even impossible to realistically implement. However, the measurement-based measures give more insight into the quantum information aspects of large superpositions because they are expressed in terms of metrics on the space of density operators.
By extending these measures, we have shown that the cat size of entangled coherent states of the form in Eq.(2) depends on both the number of modes (N ) and intensity of the field in each mode (scaling as |α| 2 ) as N |α| 2 . We have demonstrated that this scaling can be obtained only through effective size measures which take into account both the number of modes involved in the superposition (for instance, the number of resonant microwave cavities, each under the assumption of monochromaticity) and the number of particles (or intensity of photons) in each mode. These criteria are not fulfilled in, e.g., the distillation protocol of Ref. [1] , and the relative quantum Fisher information measure of Ref. [3] when unbounded operators are neglected in the maximization of quantum Fisher information.
Using the relative quantum Fisher information measure of effective size, we have shown that a hierarchical cat state of the form |HCS N (α) := 1/ √ 2(|ψ + ⊗N + |ψ − ⊗N ) with |ψ ± ∝ |α ± |−α fails to exhibit the enhanced scaling with mode intensity obtained for |Ω , despite having orthogonal branches. This result was obtained by carrying out a maximization of the quantum Fisher information of the hierarchical cat state and its branches over the union of local, positive operators contained in B(
i a i } (bounded operators and an important set of unbounded operators, namely, the local quadrature and number operators). This suggests that |HCS N (α) , which is a 2 (C) ⊗N analog of a |GHZ N state but exhibits richer internal mode structure, is not the largest cat state in systems of entangled electromagnetic cavities. Because photons are the elementary excitations of the system under consideration, and the notion of superposition size based on singlephoton decoherence in quantum phase space suggest decoherence rates for a superposition which are inversely proportional to the photon number, 7 we conjecture that the largest possible superposition size in The study of superposition sizes and measures of quantum state macroscopicity is also relevant to fundamental physics. The superpositions of standard coherent states (both single-mode and many-mode) treated here are the simplest examples of non-local superpositions for continuous quantum variables. The development and application of cat size measures for superpositions of states occurring in exotic phases of matter (e.g., those allowing for superpositions of soliton/domain-wall solutions of the quantum equations of motion, 28 or those containing superpositions of gauge field configurations 29 ) could be useful for a general understanding of the conditions under which the principles of quantum mechanics may be extended to macroscopic systems.
with D i the displacement operator of the i-th mode, and P tot = e iπ 2 i=1 a † i ai the total parity operator. The manymode Wigner function defined above is the same as that defined by the Fourier transform of the symmetric-order characteristic function. 30 
